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ABSTRACT 


The circumscribed and the inscribed polygons are well known and mathematically well defined in the context of 
2D-Geometry. The term ‘Circum-inscribed Polygon’ has been proposed by the author and used as a new 
definition of the polygon which satisfies the conditions of a circumscribed polygon and an inscribed polygon 
together. In other words, the circum-inscribed polygon is a polygon which has both the inscribed and 
circumscribed circles. The newly defined circum-inscribed polygon has each of its sides touching a circle and 
each of its vertices lying on another circle. The most common examples of circum-inscribed polygon are triangle, 
regular polygon, trapezium with each of its non-parallel sides equal to the Arithmetic Mean (AM) of its parallel 
sides (called circum-inscribed trapezium) and right kite. This paper describes the mathematical derivations of the 
analytic formula to find out the different parameters in terms of AM and GM of known sides such as radii of 
circumscribed & inscribed circles, unknown sides, interior angles, diagonals, angle between diagonals, ratio of 
intersecting diagonals, perimeter, area, and distance between circum-centre and in-centre of circum-inscribed 
trapezium. Like an inscribed polygon, a circum-inscribed polygon always has all of its vertices lying on infinite 
number of spherical surfaces. All the analytic formulae have been derived using simple trigonometry and 2- 
dimensional geometry which can be used to analyse the complex 2D and 3D geometric figures such as cyclic 
quadrilateral and trapezohedron, and other polyhedrons. 
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1. Introduction 


In general, each side of a circumscribed polygon touches a circle. Similarly, each vertex of an inscribed polygon 
lies on another circle. There are certain polygons which satisfy both these definitions i.e. polygons which are both 
the circumscribed and inscribed polygon. The polygons which are both the circumscribed and inscribed polygon 
are called circum-inscribed (C-I) polygons. The new term ‘circum-inscribed’ combines the geometric properties 
and simultaneously satisfies the conditions of becoming both the circumscribed and the inscribed polygon. The 
examples of C-I polygons are triangle, regular polygon, trapezium with each of its non-parallel side equal to the 
mean of its parallel sides and the right kite which has two opposite right angles such that the equal sides are 
adjacent. In this paper, the focus will be on the new terms and definitions of polygon, and the mathematical 
derivations of the analytic formula of C-I trapezium and right kite to find out the various parameters such as radii 
of circumscribed & inscribed circles, unknown sides, interior angles, diagonals, perimeter, and area in terms of 
arithmetic mean (AM) and geometric mean (GM) of the known sides. 
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2. Circum-inscribed (C-I) polygon 


It is the polygon which is both circumscribed and inscribed by two distinct (concentric or non-concentric) circles. 
In other words, a polygon which has both the inscribed and the circumscribed circles is called circum-inscribed 
polygon. The new term ‘circum-inscribed’ can be abbreviated by C-I. 


In the context of 2-dimensional geometry, a polygon is called C-I polygon if and only if it satisfies both the 
conditions below 


1. Condition-1: Circumscribed circle: A polygon can be inscribed by a circle only if the perpendicular 
bisectors of all of its sides are concurrent. This condition implies that each vertex of the polygon lies on 
a circle i.e. circumscribed circle. The polygon is called inscribed polygon. 

2. Condition-2: Inscribed circle: A polygon can circumscribe a circle only if the bisectors of all of its 
interior angles are concurrent. This condition ensures that each side of the polygon is tangent to a circle 
i.e. inscribed circle. The polygon is called circumscribed polygon. 


Some common examples of such polygons are 


1. Triangle 
2. Regular polygon 
3. CI Trapezium (having each of its non-parallel sides equal to AM of its parallel sides) 
4. Right kite 
a) Triangle b) Regular hexagon ¢) Trapezium d) Right kite 


Figure-1: Triangle, regular hexagon (or polygon), trapezium and right kite are all circum-inscribed (C-I) polygons. 


Thus, each triangle, regular polygon, C-I trapezium and right kite have both the inscribed and the circumscribed 
circles (as shown in the above figure-1). The analytic formula for determining the radii of the circumscribed and 
inscribed circles for the triangle are well known in terms of sides, and sides & angles. Therefore, the main focus 
will be on deriving the generalized and analytic formula for regular polygon, C-I trapezium and right kite. 


3. Circum-inscribed (C-I) trapezium 


It is the trapezium which circumscribes a circle and is inscribed by another circle. A C-I trapezium has both the 
inscribed and circumscribed circles. The perpendicular bisectors of all the sides of a C-I trapezium always intersect 
one another at a single point (called circum-centre). The bisectors of all the interior angles of a C-I trapezium 
intersect one another at a single point (called in-centre). 


Now, consider a C-I trapezium ABCD having its parallel opposite sides AB and CD of length a and b respectively. 
The circum-centre O and the in-centre I can be found by drawing the perpendicular bisectors of all the sides and 
the bisectors of all interior angles. Join the circum-centre O to all the vertices and drop the perpendiculars from 
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in-centre I to all the sides (see the figure-2 below). Let R & r be the radii of circumscribed and inscribed circles 
respectively. 


Let c be the length of each of equal non-parallel sides AD and BC. Let 2BAD = 28 be the interior angle between 
the side AB = a and side AD = c which is bisected by straight line AI (as shown in the figure-2 below). 


3.1. In-radius (1) 
In quadrilateral ADMN, the sum of all interior angles is 27 . 


ZNAD + ZADM + ZDMN + ZANM = 2n 


1 1 
2G BAUM or 5 


ZADM = 1 — 20 
ZADI + ZIDM = 1 — 20 


ZADI + ZADI = 1 — 20 (- ZIDM = ZADI) 


TU 
2ZADI =1 —-20 > Ae 


1 
=> ZDIP==—- ZADI=8@ 
2 Figure-2: The perpendicular bisectors of all the sides and 
the bisectors of all the interior angles of C-I trapezium 
In right AIMD (see the figure-2) ABCD intersect one another at the points O and I which 
are circum-centre and in-centre respectively. 


t DIM = = >t = i = ie = q(1 
anZ IM an 2 ( ) 
tan ZIAN = ud tan@ = —~—~ = —— za Eq(2 
AN AB/2 a/2 a (2) 


Now, equating above Eq(1) and Eq(2) 


b 2r Ay? b a 
ae = >. 7 > = 
2r a e 2 r 4 


la 
> 


Therefore, the radius r of inscribed circle of C-I trapezium having parallel sides of lengths a and D, is given as 
follows 


_ vab GM 


ae 2 


Where, GM is geometric mean of parallel sides a and b. 
3.2. Interior angles (0,7 — 0) 


Substituting the value of r in the above Eq(1), the interior angle 26 between non-parallel side c and parallel side 
a can be determined as follows 


tan@é =—= = |[- 20 = 2t 4 = 
= — = > — 
an Jap an 
2 ee 
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The other interior angle ZADC between non-parallel side c and parallel side b is given as follows 


b 1 b b a 
ZADC =x -—20=n—2tan*| /—}=2{—-—tan*| /—]}]=2] cot-?| J—]}]=2tan-+{ [- 
a 2 a a b 


Therefore, both the unequal interior angles of C-I trapezium having parallel sides of lengths a and bD, are given as 


b a 
20=2tan"'| |-— n= 29 =2tan-1( [2) 
a b 


3.3. Equal non-parallel sides (c) 


follows 


In right AIPA (see the above figure-2) 


IP 
tan ZIAP = tan@ = AP => AP =I/Pcot@ =rcoté@ 


Similarly, in right APD 


PD 
tan ZDIP = tan@ = 1P => PD =/Ptan@ =rtan@ 


. AP+PD=rcot@+rtan@d > AD =r(tan@ + coté@) 


vab + fe 1 i 
> =— = 
eae oe (ie fen ac 


Therefore, each of the equal non-parallel sides of C-I trapezium having parallel sides of lengths a and b, is given 


as follows 
1 
c= 3 (a+b) = AM 


3.4. Perpendicular distance between parallel sides (h) 


The perpendicular distance h between the parallel sides of lengths a and b of C-I trapezium, is given as follows 


Vab 
h = BT = MN = 2r = 2—— = Vab = GM 


3.5. Circum-radius (R) 


In right AOMC (as shown in the above figure-2), using Pythagorean theorem as follows 


by” b2 
OM = (0)? = (MO = [ew = (5) 3 ic -— 


Similarly, in right AONB (see the above figure-2), using Pythagorean theorem as follows 


ON = (OB)? — (NB)? = ley = (5) = lee - 7 


©2022 H C Rajpoot 4 


Mathematical Analysis of Circum-inscribed (C-I) Trapezium. Mathematics. Differential Geometry 


=> 0M+0ON =MN 


b2 
areas R? —— = Vab (- MN =h=Vab ) 
2 2 
fae ea | eee 
2 2 
a? | b? 
Die me set = = Qo 
R 4 va R 4 
az 
R? —~— =ab + R? ——-— 2Vab [R? —— 


4 8Vab 
2 
pene ee (‘“ +a? - *) 
4 - 8Vab 
R? be Gap +a =p") 
a 64ab 
sie (4ab + a? — b?)? + 16ab? 
~ 64ab 
ae 16a*b? + a* + b* + 8a?b — 2a*b2 — 8ab? + 16ab? 
~ 64ab 
R? es ke 14a7b? + 8a°b + 8ab? or 
= Shab wea EQ(3) 
pee (a* + b* + 18a7b? + 8a%b + 8ab?) — 4a*b? 


64ab 


_ (a? + b? + 4ab)* — (2ab)? 


2 
B 64ab 
BP a (a? + b? + 4ab + 2ab)(a? + b* + 4ab — 2ab) 
7 64ab 
as (a* + b* + 6ab)(a* +b? + 2ab)_ (a* + b* + 6ab)(a + b)? 
- 64ab 7 64ab 


_ [(a? + b? + 6ab)(a + b)? 
a 64ab 


pee a2 + b2 + 6ab 
~ 8 ab 
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pace (a+b)*+4ab_atb Oe 
4 4ab 4 4ab 


Where, AM is arithmetic mean and GM is geometric mean of parallel sides a and b of C-I trapezium. 


Therefore, the radius R of circumscribed circle of C-I trapezium having parallel sides of lengths a and b, is given 


Pep dail GPE DET OGD 1 aay eae 
nr) ab = 34") lem 


Where, AM = (a + b)/2 and GM = vab 


as follows 


3.6. Area (Ac;7) 


Now, the area Ac;r of circum-inscribed trapezium with parallel sides a and b which have a normal distance h 
between them, is given as follow 


Acir = Area of trapezium with parallel sides a & b at a normal distance h 


Nap = (a + b)(h) = (a + b)(Vab) = AM x GM 


1 
= Aer = 5 (a+ b)Vab = AM x GM 
3.7. Perimeter (P cr) 


Now, the perimeter P.;7 of circum-inscribed trapezium with parallel sides a and b, is given as follow 


Perr = Perimeter of trapezium with sides a,b,c and c 
a+b 
Perr =atb+cto=ath+2¢=a+b+2(——) =2(@ +b) = 4(4M) 
oo Por => 2(a+ b) = 4(AM) 
3.8. Length of equal diagonals (Lajag) 


Now, using cosine rule in AABC (see the above figure-2) as follows 


_ (AB)? + (BC)? — (AC)? cs 2 2 
cos ZABC = 2AB)(BO) => AC =./(AB)2 + (BC)? — 2(AB)(BC) cos ZABC 


2 


S4es ay? + (“2°) - 2a) (“2° 


2 


) cos 20 (Substituting the values) 
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apes a i — tan? 6 
ate eee 
b 
eae ae b 
——————-- a(at+b): b . tand= |— 
1+5 "i 
4a? + (a+b)? a-—b 4a? + (a+b)? 
AC = ——- a ooh. feet ey 


4a2 + a* + b* + 2ab — 4a? + 4ab a2+b2+6ab 1 
= = =~ Ja? +b? + 6ab 
4 4 2 
)(a +b)? + 4ab l(a +b» ath 
C= ( ss = ( mn ) + ab = (= ) + (Vab) 


= AC =,(AM)?+(GM)? > BD =AC =,/(AM)? + (GMy? 


Therefore, the length Lgjqg of each of two equal diagonals of C-I trapezium having parallel sides of lengths a and 


b, is given as follows 


1 
Laiag = ave + b? + 6ab = (AM)? + (GM)? 


Where, AM = (a + b)/2 and GM = vab 


3.9. Distance between circum-centre and in-centre (CJ) 


Now, in right AONB (see the above figure-2), using Pythagorean theorem as follows 


ov = Son War = few) 


a* + b+ + 14a7b2 + 8a3b + 8ab3 
ON = aii = (Setting value of R? from Eq(3)) 


a* + b* + 14a2b2 — 8a3b + 8ab3 (b2-—a2+4ab)? b?—a?+4ab 
‘is a. ENE pede ee OC eG) 


64ab 64ab ~ 8Vab 


From the above figure-2, 


b? — a? +4ab vab_ b*—a*+4ab—4ab_ b* — a? 
8Vab as 8Vab ~ 8Vab 


Ol=ON—-IN= 
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Se 
9 = VBI _ I@- Ha +b) _la-bla+s) _ la—b| —z— _ |a—b| AM 
- gvab 8Vab = 8Vab 4 1 4 GM 


Therefore, the distance CI between circum-centre O and in-centre I of C-I trapezium having parallel sides of 
lengths a and J, is given as follows 


|a?—b*|_ |a-Ddl es 


CI = 
8Vab 4 \GM 


Where, AM = (a + b)/2 and GM = vVab 


3.10. Angle between the diagonals (5) 


Let 5 be the angle between the equal diagonals AC and BD which intersect each other at the point E in C-I 
trapezium ABCD (as shown in the figure-3). Since the equal diagonal intersect each other in the same ratio hence 


using symmetry in AABE, AE = BE > ZBAE = ZABE = a (Let). 


Now, using Cosine Rule in AADB (see figure-3) as follows 


(AB)? + (BD)? — (AD)? _ (a)? + (Laiag) — (©)? 


cos ZABD = 2(AB)(BD) ~ 2(a)(Laiag) 


a + (4Vat +b? + Gab) - (244) 
2(a) (5 a? + b* + 6ab Va? +B? + 6ab) 


4a* + a* + b2 + 6ab — a2 — b* — 2ab Figure-3: The diagonals AC and BD 
Cos Q = _—_ intersect each other in the same ratio, 


4ava2 + b* + 6ab AE:EC::BE:ED. 


a+b 
va? + b* + 6ab 


~ a+b _, (Va + b? + 6ab _,[ [a2 +b? + 6ab 
>a = cos |. ——] = sec” * {| ————————_ ] = sec ——__— 
a2 + b? + 6ab a+b (a +b)? 


_, [a+ b)? + 4ab = 4ab s; 2Vab\" 4 
a= sec ” (enpe °o Gaye fo 1+ oe 5 = sec 


yy 
AM 


cosa = 


cosa = 


a+b 


a=sect }1 +(=— (Where, AM = , GM= Vab) 


From the above figure-3, the angle 6 is the exterior angle of isosceles AABE therefore angle 6 will be equal to the 
sum of opposite interior angles 2BAE and ZABE i.e. 


GM 
6 = ZBAE + ZABE =a+a = 2a =2sec} 1+() 
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Therefore, the supplementary angles of intersection of diagonals of C-I trapezium having parallel sides of lengths 
a and b, are given as follows 


zi eee eee a 
6 =2sec res =2sec” 1+/( (=) m — 5 = 2cosec™! 


3.11. Ratio of intersection of diagonals (R diag) 


Using Sine Rule in AABE (see figure-3 above) as follows 


AE AB AE a AE a asina 
2 SS 82 SE SS SE SSS = 
sinZBAE sin ZAEB sina sin(z — 6) sina sin(d) sin(6) 
ov asina asina a ava? + b? + 6ab pas 
sin(2a) 2sinacosa 2 ae 2 a+b ( a) 
ie ava? + b? + 6ab Fi 
2(a+b) (4) 


From the above figure-3, We have 


1 avaz+b*+6ab 1 a 
EC = AC ~ AE = Ja? + b? + 6ab — = Va? + b? + 6ab (1 -— ) 


2(a +b) 2 


Hae bva? + b? + 6ab (5) 


Since the equal diagonals AC and BD intersect each other at the point E, therefore the ratio of intersection can be 
determined as 


ava’ + b? + 6ab 
AE 2(a + b) a 
= = ————__ = - Setting values of AE &EC from Eq(4) &£q(5) 
EC bVa2?+b2+6ab 35 ( e a(9)) 


2(a +b) 


Therefore, the ratio of intersection of diagonals of C-I trapezium having parallel sides of lengths a and b, is given 
as follows 


AE:EC::a:b Or BE:ED:: a:b 


It is worth noticing that all the formula in term of known parallel sides a and b of C-I trapezium have symmetry 
which implies that interchange of the parallel sides a and b does not change the corresponding geometric 
parameters. 


4. Methods of constructing C-I trapezium 


Consider a circum-inscribed (C-I) trapezium with its parallel sides a and b. Now, the required C-I trapezium can 
easily be constructed by following three methods 


Method-1: Using circumscribed circle 


©2022 H C Rajpoot 9 


Mathematical Analysis of Circum-inscribed (C-I) Trapezium. Mathematics. Differential Geometry 29/09/2022 


The following steps can be used to construct a C-I trapezium by using circumscribed circle 


px Mp No oe MbNo 
Ja 


Step-1 Step-2 Step-3 Step-4 Step-5 


a+b jae eee eab 


R= oe | ab 


Figure-4: The steps to construct, using circumscribed circle, a C-I trapezium with parallel sides a, and b. 


a+b |a2+b2+6ab 


Step-1: Draw the circumscribed circle of radius R = ae a (as shown in the figure-4) 


Step-2: Draw the chord AB of length a 
Step-3: Draw the perpendicular bisector MN of chord AB such that MN = vVab 
Step-4: Draw the chord CD passing through the point M and perpendicular to MN or parallel to chord AB. 


Step-5: Join the end points A & B to the points D & C respectively to obtain the required C-I trapezium ABCD 
(as shown in the above figure-4). 


Method-2: Using inscribed circle 
The following steps can be used to construct a C-I trapezium by using inscribed circle 
M D M_b Cc D M_b c 
N A a N B A a N B 
Step-1 Step-2 Step-3 Step-4 


Figure-5: The steps to construct, using inscribed circle, a C-I trapezium with parallel sides a, and b. 


Step-1: Draw the inscribed circle of radius r = = ab (as shown in the figure-5) 


Step-2: Draw the diameter MN. 


Step-3: Draw the tangents AB and CD of length a and b which are bisected at the points of tangency M and N 
respectively. 


Step-4: Join the end points A & B to the points D & C respectively to obtain the required C-I trapezium ABCD 
(as shown in the above figure-5). 
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Method-3: Using interior angles 


The following steps can be used to construct a C-I trapezium by using interior angles 


a 


Step-1 Step-2 Step-3 


Figure-6: The steps to construct, using interior angles, a C-I trapezium with parallel sides a, and b. 


Step-1: Draw the line AB of length a (as shown in the figure-6) 


Step-3: Draw two lines AD and BC each of length < and at an equal angle of 20 = 2 tan“? ( f) with the line 
AB (as shown in the above figure-6). 


Step-3: Join the end points A & B to the points D & C respectively to obtain the required C-I trapezium ABCD 


Summary: If a, and b are two parallel sides of a circum-inscribed trapezium then all of its important geometric 
parameters can be determined as tabulated below. 


Geometric parameter Formula 
(a+b) _ 

Each of equal non-parallel sides 2 AM 

Perpendicular distance between parallel sides Vab = GM 


Interior angles (supplementary) 2 tan7! E , 2tan72 ( FF) 


Each of 1 di ] 1 
peepee tepals 1 a +5? + 6ab = (CAM + GM? 


; | GMy’ GMy’ 
Angles between diagonals 2secot ]1+ (|) ;2cosec-? }1+ (=) 


Ratio of intersection of diagonals a:b Or b:a 
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2 
Radius of circumscribed circle ey ae = ay AM) (aa) +1 
8 ab 2 GM 


Radius of inscribed circle Vab GM 
eS Oe 
Distance between circum-centre and in-centre ja*—b?| |a—b| (a ) 
8Vab si 4S GM 
Perimeter 2(a +b) = 4(AM) 
Area 


1 
3 (a + b)Vab = AM x GM 


Where, AM = (a+ b)/2 is Arithmetic Mean and GM = vab is Geometric Mean of parallel sides a & b of 
circum-inscribed trapezium. 


It is interesting to note that a circum-inscribed trapezium having parallel sides equal in length becomes a square 
i.e. substituting AM = (a+ a)/2 =aand GM = va-a = ain the above formula, the obtained results show that 
the circum-inscribed trapezium with equal parallel sides is a square. 


Conclusions 


In this paper, the new term ‘circum-inscribed’ has been introduced and the parameters of four well known 
polygons which are circum-inscribed have been explained and analysed in details. The different parameters of a 
C-I trapezium have been computed in terms of AM and GM of known sides such as radii of circumscribed & 
inscribed circles, unknown sides, interior angles, diagonals, angles between diagonals, ratio of intersection of 
diagonals, perimeter, and area of circum-inscribed trapezium. The analytic formula have been derived and 
established for solving the various problems of 2D and 3D geometrical figures such as cyclic-quadrilateral and 
polyhedrons. 
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